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$\frac{\partial u}{\partial t}+(u\cdot\nabla)u=-\frac{1}{p}\nabla p+\alpha\gamma Tr+\nu\nabla^{2}u+2u\cross\Omega$ , $(2.1a)$
$\frac{\partial T}{\partial t}=-\nabla\cdot(uT)+\kappa\nabla^{2}T+Q$, $(2.1b)$
$\nabla\cdot u=0$ , $(2.1c)$
$\rho$ $P$ 7





$T_{0}(r)=c_{1}- \frac{1}{\kappa}\int_{0}^{r}\frac{dr_{1}}{r_{1}^{2}}\int_{0}^{r_{1}}r_{2^{2}}Q(r_{2})dr_{2}$ , $(2.3b)$
$p_{0}(r)= \alpha\gamma\rho\int_{0}^{r}T_{0}(r_{1})r_{1}dr_{1}+c_{2}$ $(2.3c)$







$\frac{\partial u}{\partial t}=-\frac{1}{\rho}\nabla p+\alpha\gamma Tr+\iota/\nabla^{2}u+2u\cross\Omega$, $(2.5a)$
$\frac{\partial T}{\partial t}=\beta Fu\cdot r+\kappa\nabla^{2}T$ , $(2.5b)$
$\nabla\cdot u=0$ $(2.5c)$
$u=0$ , $T=0$ $(r=a$ $)$ (26)
( )
$\beta=-(\frac{1}{r}\frac{dT_{0}}{dr})_{r=a}$ , (2.7)
$F(r)=- \frac{1}{(\theta r}\frac{dT_{0}}{dr}$ (28)




$\beta a^{2}$ ( $*$ )
$= \frac{\kappa}{a}u^{*}$ , $t= \frac{a^{2}}{\kappa}t^{*}$ , $r=az^{*}$ ,
$\rho\kappa^{2}*$
$T=\beta a^{2}T^{*}$ , (2.10)
$p=p\overline{a^{2}}$
$0$ $\mathfrak{B}-$ (2.5) ( $*$ )
$( \nabla^{2}-\frac{1}{Pr}\frac{\partial}{\partial t})u=\frac{1}{Pr}\nabla p-RaTr-(Ta)^{1/2}u\cross\hat{z}$, $(2.11a)$
$( \nabla^{2}-\frac{\partial}{\partial t})T=-Fu\cdot r$ , $(2.11b)$
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$\nabla$ . $=0$ $(2.11c)$
$=$ $0$ , $T=0$ $(r$ . $=1$ $-\tau^{\backslash }\backslash )$ $(212)$
$Ra=\alpha\gamma\beta c\iota^{6}/\kappa\nu$ Rayleigh $Ta=(2\Omega a^{2}/t/)^{2}$ Taylor
$Pr=\nu/\kappa$ Prandtl $\hat{z}$ ( $z$ )
Taylor $v$ Taylor-Proudman $z$ $s$




$u_{s}= \frac{1}{s}\frac{\partial\Psi}{\partial\phi}+\frac{\partial^{2}\Phi}{\partial s\partial z}$, $(2.14a)$
$u_{\phi}=- \frac{\partial\Psi}{\partial s}+\frac{1}{s}\frac{\partial^{2}\Phi}{\partial\phi\partial z}$ , $(2.14b)$
$u_{z}=-\nabla_{\perp}^{2}\Phi$ $(2.14c)$
$\nabla_{\perp}^{2}=\frac{\partial^{2}}{\partial_{\delta^{\circ}}^{2}}+\frac{1}{s}\frac{\partial}{\partial s}+\frac{1}{s^{2}}\frac{\partial^{2}}{\partial\phi^{2}}$ (2.15)
$(2.11a)$ curl curl cvrl $\hat{z}$ 2
$\Psi$ $\Phi$
$( \nabla^{2}-\frac{1}{Pr}\frac{\partial}{\partial t})\nabla_{\perp}^{2}\Psi+(Ta)^{1/2}\frac{\partial}{\partial z}\nabla_{\perp}^{2}\Phi+Ra\frac{\partial T}{\partial\phi}=0$, $(2.16a)$
$( \nabla^{2}-\frac{1}{Pr}\frac{\partial}{\partial t})\nabla^{2}\nabla_{\perp}^{2}\Phi-(Tc\iota)^{1/2}\frac{\partial}{\partial z}\nabla_{\perp}^{2}\Psi-Ra(z\nabla_{\perp}^{2}-s\frac{\partial^{2}}{\partial s\partial z}-2\frac{\partial}{\partial_{\sim}7})T=0,$ $(2.16b)$
(2.116)
$( \nabla^{2}-\frac{\partial}{\partial t})T+F(s^{\neg}\frac{\partial^{2}}{\partial s\partial z}-z\nabla_{\perp}^{2})\Phi+F\frac{\partial\Psi}{\partial\phi}=0$ $(2.16c)$
54
$\frac{1}{s}\frac{\partial\Psi}{\partial\phi}+\frac{\partial^{2}\Phi}{\partial s\partial_{\tilde{L}}}=0,$ $- \frac{\partial\Psi}{\partial s}+\frac{1}{s}\frac{\partial^{2}\Phi}{\partial\phi\partial z}=0$ , $-\nabla_{\perp}^{2}\Phi=0,$ $T=0$ $(r=1T^{\vee})$ (2.17)
(2.16) (2.17) $z$
$\{\begin{array}{l}\Psi(s, \phi, z,t)=\Psi(s, \phi, -z, t),\Phi(s, \phi, z, t)=-\Phi(s, \phi, -z, t),T(s, \phi, z, t)=T(s, \phi, -z, t)\end{array}$ (2.18)
$\{\begin{array}{l}\Psi(s, \phi, z, t)=-\Psi(s, \phi, -z,t),\Phi(s, \phi, z, t)=\Phi(s, \phi, -z, t),T(s, \phi, z, t)=-T(s, \phi, -z, t)\end{array}$ (2.19)
( ) $r$ $\phi$






$($ 2.16 $)$ $($ 2.17) Taylor .b
Roberts ( 3) Busse( 4)
$(s)$ $(\phi)$ $($




$a,$ $b,$ $c\geq 0$ $\partial/\partial s$ $\partial/\partial\phi$ $\partial/\partial z$ $\Psi$ $\Phi$
$T$
$\frac{\partial}{\partial s}=O(\epsilon^{-a})$ , $\frac{\partial}{\partial\phi}=O(\epsilon^{-b})$, $\frac{\partial}{\partial z}=O(\epsilon^{-c})$ (32)
$\Psi=O(1)$
$\Psi=O(\epsilon^{0})$ , $\Phi=O(\epsilon^{d})$ , $T=O(\epsilon^{e})$ , $Ra=O(\epsilon^{-f})$ (3.3)
$d$ $e$ $f$ $\nabla\perp^{2}$ $\nabla^{2}$
$\nabla\perp^{2}=O(\epsilon^{-2\max(a,b)})$ , $\nabla^{2}=O(\epsilon^{-2\max(a,b,c)})$ (3.4)
(2.16) 9
-$\triangleright$ $a-f$
$a=b=d=e=1$ , $c=0$ , $f=4$ (3.5)
( )
$\frac{\partial}{\partial t}=O(\epsilon^{-2})$ (3.6)
$\Psi=\check{\Psi}(s, z)\exp[i\omega t+im\phi]$ , $(3.7a)$
$\Phi=\epsilon\check{\Phi}(s, z)\exp[i\omega t+im\phi]$ , $(3.7b)$
$T=\epsilon\check{T}(s, z)ex,p[i\omega t+im\phi]$ $(3.7c)$
$\frac{\partial\check{\Psi}}{\partial s}$ , $\frac{\partial\check{\Phi}}{\partial s}$ ,
.










$( \mathcal{D}-\frac{i\omega^{*}}{Pr})\mathcal{D}\check{\Psi}+\mathcal{D}\frac{\partial\check{\Phi}}{\partial z}+im^{*}Ra^{*}\check{T}=0$, $(3.11a)$





$su_{s}+zu_{z}= \frac{\partial\Psi}{\partial\phi}+s\frac{\partial^{2}\Phi}{\partial s\partial z}-z\nabla_{\perp}^{2}\Phi=0$ $(s^{2}+z^{2}=1^{-}C^{*})$ (3.12)
$\epsilon$




$\check{\Psi}(s, z)=\overline{\Psi}(z|s_{p})\exp[\frac{i}{\epsilon}K(s)]$ , $(3.14a)$










$(D- \frac{i\omega^{*}}{Pr}ID\overline{\Psi}+D\frac{\partial\overline{\Phi}}{\partial z}+im^{*}Ra^{*}\overline{T}=0$ , $(3.17a)$
$(D- \frac{i\omega^{*}}{Pr})D\overline{\Phi}-\frac{\partial\overline{\Psi}}{\partial z}-Ra^{*}z\overline{T}=0$ , $($ $17b)$
$(D-i\omega^{*})\overline{T}-FzD\overline{\Phi}+im^{*}F\overline{\Psi}=0$ $(3.17c)$
$im^{*}\overline{\Psi}-Dz\overline{\Phi}=0$ $(s^{2}+z^{2}=1$ $)$ $($ 3.18 $)$
$D=-k^{2}- \frac{m^{*2}}{s^{2}}$ (3.19)




Taylor $0$ $a_{0}(\neq 0)$ $a_{1}$ $s_{P^{\text{ }}}$ $Ra^{*}$ $\omega^{*}$
$m^{*}$ $Pr$ . $\epsilon$




$K(s)=const$ . $\frac{2}{3a_{1}}[a_{0}+a_{1}(s-s_{p})]^{\frac{3}{2}}+O((s-s_{p})^{3})$ (3.22)
$\check{\Phi}$
$\check{\Phi}\propto\overline{\Phi}(z|s_{p})\exp[\pm\frac{2}{3a_{1}\epsilon}[a_{0}+a_{1}(s-s_{p})]^{\frac{3}{2}}]$ (3.23)
$a_{0}\neq 0$ $K(s)$ $s=s_{p}$ Taylor
$iK(s)=iK(s_{p})+i$ $(s_{p})(s-s_{p})+ \frac{i}{2}k’(s_{p})(s-s_{p})^{2}+O((s-s_{p})^{3})$ (3.24)
$(s_{p})=\pm a_{0^{\frac{1}{2}}}$ , $(3.25a)$
$k’(s_{p})= \frac{a_{1}}{2k(s_{p})}$ $(3.25b)$
$|\check{\Phi}|$ (3.24) $(s-s_{p})$ $(s-s_{p})^{2}$
$k_{i}(s_{p})=0$ $($ 3.26 $)$
$k_{i}’(s_{p})>0$ (3.27)
o (sp) $a_{0}>0$ o (3.27)
$a_{1};>0$ $a_{1i}<0$ $k_{r}(s_{p})=\sqrt{a0}t>k_{r}(s_{p})=-\sqrt{a0}B>$
$\backslash$ o $a_{1i}=0$ $|\check{\Phi}|$ $s_{p}$
$\check{\Phi}(s, \wedge\sim)\approx\overline{\Phi}(z|s_{p})\exp[\frac{i}{\epsilon}\{K(s_{p})+k_{r}(s_{p})(s-s_{p})+\frac{1}{2}k’(s_{p})(s\cdot-s_{p})^{2}\}]$ (3.28)
$\grave$
$\Phi\approx\overline{\Phi}(z|_{\underline{\overline{b}}}\cdot\iota\supset)e_{-}\backslash \prime p[\frac{i}{\epsilon}\{K(s_{p})+\frac{1}{2}k’(s_{p})(s-s_{p})^{2}+k_{r}(s_{p})(s-s_{p})+m^{*}\phi+\omega^{*}t\}]$ (3.29)
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$s=s_{p}$ $O(\sqrt{\epsilon})$
$\alpha=$ -arctan $( \frac{\text{ _{}r}(s_{p})}{m}*)$ (3.30)
$($ 3.23 $)$ $a_{0}arrow 0$ i
$5=s_{p}$ $0$
4.
4.1 $\Gamma J$ Ra lei $h$
$F\equiv 1$
( (2.9) ).
$($ 3.11 $)$ $($ 3.13 $)$ $\dot{\Psi}$ $\check{T}$
$[($ $i\omega^{*})\frac{\partial^{9}\sim}{\partial z^{2}}-Ra^{*}\mathcal{D}(\mathcal{D}$ $\frac{1\omega^{*}\backslash }{Pr})z^{2}$
$+( \mathcal{D}-\frac{i\omega^{*}}{P_{7^{\tau}}})^{2}(\mathcal{D}-i$ $( \mathcal{D}-\frac{i\omega^{*}}{Pr})+im^{*}Ra^{*}\check{\Phi}=0$ $($ 4.1 $)$
$(D- \frac{i\omega^{*}}{Pr})z\check{\Phi}+im^{*}\frac{\partial\check{\Phi}}{\partial z}=0$ $(s_{p}^{2}+z^{2}=1T^{l})$ (4.2)
$\circ$
$($ 3.17 $)$ $($ 3.18 $)$
$[(D- i\omega^{*})\frac{\partial^{2}}{\partial z^{2}}-Ra^{*}D(D-\frac{i\omega^{*}}{Pr})z^{2}$
$+(D- \frac{i\omega^{*}}{Pr})^{2}(D-i\omega^{*})D+m^{*2}Ra^{*}(D-\frac{i\omega^{*}}{Pr})+im^{*}Ra^{*}\overline{\Phi}=0$ (4.3)
$D(D- \frac{i\omega^{*}}{Pr})z\overline{\Phi}+im^{*}\frac{\partial\overline{\Phi}}{\partial z}=0$ $(s_{p}^{2}+z^{2}=1^{-}\subset*)$ (4.4)
$\omega^{*}$ $n^{*}$
$s_{p}$ . $k_{r}$ $Ra^{*}$
$s=s_{p}$ i $=0$ $($ $(3^{-}26)$ $)$ $\overline{\Phi}$
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Rayleigh r $=$ 0
$(\alpha=0)$





$( \frac{\partial}{\dot{(}\ni\zeta}+C)\overline{\Phi}=0$ on $\zeta=\pm 1$ (4.7)
&k
$A= \frac{b^{2}}{c^{3}}\frac{1-ia/Pr}{1-ia}m^{*5}Ra^{*}$ , $(4.8a)$
$B=-bc(1- \frac{ia}{P\uparrowarrow})^{2}+(\frac{1-ia/Pr}{c^{2}(1-ia)}-\frac{i}{c^{3}(1-ia)})b_{7}n^{*5}Ra^{*}$ , $(4.8b)$
$C=-( \frac{a}{Pr}+i)b\zeta$ $(4.8c)$
$a$ $b$ $c$
$a= \frac{\omega^{*}}{D}$ , $b= \frac{D^{2}(1-s_{p^{2}}^{\backslash })}{\uparrow n}*$ ’ $c=-717^{*}D$ $(4.9a, b, c)$
(4.6) (4.7) $\uparrow n^{*5}Ra^{*}$ $a$ $b$ $c$ $Pr$
$Ra^{*}= \frac{1}{m^{*5}}f_{1}(b, c, Pr)$ , $(4.10a)$




$=0$ o $(4.9b)$ $(4.9c)$ (4.11)
$m^{*3} \leq\frac{c^{-}}{b+c}$ (4.12)
$b,$ $c\geq 0$ $($ $(4.9b, c)$ $)$
$m^{*3}= \frac{c^{2}}{b+c}$ (4.13)
$k=0$ Rnyleigh













$\check{\Phi}(s, z)=\overline{\Phi}(z|s_{p})f(.\underline{b^{\backslash }})$ (4.16)
$f(s)$ $df/ds\gg 1$
$-k^{2}=\epsilon^{2}\partial^{2}/\partial s^{2}$ ( (3.15) ) (4.1)
$s=s_{p}$ ( (3.20) )
$( \epsilon^{2}\frac{d^{2}}{ds^{2}}+$ $+a_{1}(arrow s-s_{p}))f=0$ (4.17)
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o $a_{0}$ ( (4.15) ) $\grave$ $a_{1}$ $O(1)$
o (4.17) 1 3 $f(s)$
- $\triangleright$ $O(\epsilon^{\frac{2}{3}})$ $df/ds=$
$\epsilon^{-\frac{2}{3}}\gg 1$ ( $\epsilon\ll 1$ )
(4.17) 2 i
$f(s)=\{\begin{array}{ll}(s-s_{p})^{\frac{1}{2}}H_{\frac{(1}{3}}^{1)}(\frac{2}{3\epsilon a_{1}}(a_{0}+ \text{ } s_{p}))^{\frac{3}{2}}), (4.18a)(s-s_{p})^{\frac{1}{2}}H_{\frac{(1}{3}}^{2)}(\frac{2}{3\epsilon a_{1}}(a_{0}+a_{1}(s-s_{p}))^{\frac{3}{2}}) (4.18b)\end{array}$
$H_{\frac{(1}{3}}^{1)}$ $H_{\frac{(1}{3}}^{2)}$ 1 2 Hmkel
$f(s)$ $|(a_{1}\epsilon)^{-1}(a_{0}+ai(s-s_{p}))^{g}2|\gg 1$
$f(s)=\{\begin{array}{l}(\frac{3\epsilon}{\pi})^{\frac{1}{2}}a^{\frac{1}{14}}(a_{0}+a_{1}(s-s_{p}))^{-\frac{3}{4}}(s-s_{p})^{-\frac{1}{4}}\exp[-\frac{5}{12}\pi i+\frac{2i}{3\epsilon a_{1}}(a_{0}+a_{1}(s-s_{p}))^{\frac{3}{2}}](-\pi<\arg a_{1}^{-1}(a_{0}+a_{1}(s-s_{p}))^{\epsilon}2<2\pi \text{ } ),(4.19a)(\frac{3\epsilon}{\pi})^{\frac{1}{2}}a^{\frac{1}{14}}(a_{0}+a_{1}(s-s_{p}))^{-\frac{3}{4}}(s-s_{p})^{-1}4\exp[\frac{5}{12}\pi i-\frac{2i}{3\epsilon a_{1}}(a_{0}+a_{1}(s-s_{p}))^{\S}2](-2\pi<\arg a_{1}^{-1}(a0+a_{1}(s-s_{p}))^{2}2<\pi \text{ } )(4.19b)\end{array}$
( 7)
(4.19) 2 $s=s_{p}$ $\pm 2ia^{\frac{3}{0^{2}}}/3\epsilon a_{1}$ 2
$\pm ia_{1}/2\epsilon a^{\frac{1}{0^{2}}}$
$0$ $a_{1i}>0$ $(4.19a)$ $a_{1i}<$
$0$ $(4.19b)$ $0$ $O(\epsilon^{\frac{2}{3}})$ o $a_{0}=O(\epsilon^{\delta})$























Rayleigh ( (3.30) )
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\S 3.1 $a-f$ (2.16) 9
o $($ 2.16 $)$
$(3.2)-(3.4)$ 9 $\epsilon$
$-2 \max(a, b)-2\max(a,b, c)-$ $-3+d-c-2 \max(a, b)$ $-$ $b+e$
$-2 \max(a, b)-4\max(a, b, c)+d-3-c-2\max(a, b)$ $-f+e- \max(a+b, 2\max(a, b))$
$-2 \max(a, b, c)+e$ $d- \max(a+b, 2\max(a, b))$ $-b$
$(A\cdot 1)$
$\circ$ (2.16)
$a$ $b$ $c$ $(A\cdot 1)$
[1] $c\geq b\geq a$ $a+c\geq 2b$
$[d-4c-2b-2c-2be_{\sim}-9_{C}$
’
$-3+d-c-2-3-c-2bd-a-c$ - $+e \frac{b}{b}a-c-f-+e-$ , (A . 2)
[2] $c\geq b\geq a$ $a+c\leq 2b$
$[d-4c.-2b-2c-2be-2c$ $-3+d-c-2b-3-c-2l)d-2b$ $-f+e-2l)-f-b+\epsilon-b$ , $($ A . 3 $)$
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[3] $c\geq a\geq b$
$[d-4c-20-2c-2ae-2c$ $-3+d-c-\underline{9}_{0}-3-c-2acl-a-c$ $-f+e-a-c-f-b+e-$ , (A .4)
[4] $b\geq a,$ $c$
$[d-6b-4b$ $-3+-c-2b-3 \frac{d}{}c-2bcl-2b$ $-f+e-2b-f-b+e-b$ , $(A\cdot 5)$
$[$ 5 $]$ $a\geq b,$ $c$
$[d-6ae-2a-4a$ $-3+d-c-2a-3-c-2ad-2a$ $-f+e-2a-f-b+e-b$ . $($A 6 $)$
3 [1] $a=b \leq\frac{3}{2}$ ,
$c=d= \frac{3}{2},$ $e=3-a,$ $f=6$ , [2] $0$. $\leq\frac{3}{2},$ $b=c=d=e= \frac{3}{2},$ $f=6$ , [3] $a \leq\frac{3}{2}$ ,
$b=c=d=e= \frac{3}{2},$ $f=6,$ $[4|c=3b-3,$ $b=d=e$ , $=4b,$ $(1, a \leq b\leq\frac{3}{2}),$ $[5]$
$c/=$ $=d=e,$ $c=3a-3,$ $f=4a,$ $(1 \leq a\leq\frac{3}{2})$
Rayleigh $f$ [4]
$=1$ [5] $a=1$ 2 $a\leq 1$
$b=d=e=1$ $c=0$ $=4$
$a<1$ $\epsilon$ $\nabla^{2}=\nabla_{\perp}^{2}=(1/s^{2})(\partial^{2}/\partial\phi^{2})$
(3.17) (3.18) $=0$
(3.5)
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